Families of Asymmetric Periodic Solutions
to the Hill 3-Body Problem

Alexander Batkhin
batkhin@gmail.com

Keldysh Institute of Applied Mathematics of RAS

Analytical Methods of Celestial Mechanics-2026, August 17-21, 2026

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 1/28


batkhin@gmail.com

Talk outlook

1. Motivation and description of the Hill3BP

2. Theory of generating solutions

3. Systematic search for asymmetric solutions and results

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 2/28



Motivation and description of the Hill3BP

Talk structure

1. Motivation and description of the Hill3BP

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 3/28



Motivation and description of the Hill3BP

Motivation

Poincaré approach

Periodic solutions form a natural “skeleton” of the phase space of a non-integrable Hamiltonian
system; invariant manifolds of different dimensions are organized around it
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Motivation and description of the Hill3BP

Motivation

Poincaré approach

Periodic solutions form a natural “skeleton” of the phase space of a non-integrable Hamiltonian
system; invariant manifolds of different dimensions are organized around it

Role of symmetry

Additional discrete symmetries divide periodic solutions into classes with specific global properties.
Families with the highest degree of symmetry often form a backbone of a more complicated
network

Aim of this talk

To study how asymmetric families arise in the planar Hill 3-body problem and to combine
symbolic generating solutions with a systematic bifurcation-based search
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ion and des tion of the Hill3BP

Circular Hill3BP

@ Introduced by G. W. Hill in lunar theory (1878),
following Euler's approach
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Motivation and description of the Hill3BP

Circular Hill3BP

@ Introduced by G. W. Hill in lunar theory (1878),
following Euler's approach

@ A limiting case of the circular restricted three-body
problem

G. W. Hill
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Motivation and description of the Hill3BP

Circular Hill3BP

@ Introduced by G. W. Hill in lunar theory (1878),
following Euler's approach

@ A limiting case of the circular restricted three-body
problem

@ Provides a local approximation of the infinitesimal-
body dynamics near the smaller primary

@ The remote primary is moved infinitely far away,
while its action remains as a velocity-independent
perturbation of the rotating Kepler problem

@ Major systematic studies of Hill periodic orbits
were carried out by Michel Hénon

M. Hénon
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Motivation and description of the Hill3BP

Hill transformation and model properties

Q2A

Construction

Hill's problem is obtained from the circular R3BP by trans-

lating the origin to the smaller primary and blowing up the

local coordinates D)

Circular R3BP
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Motivation and description of the Hill3BP

Hill transformation and model properties

Construction
e ~

Hill's problem is obtained from the circular R3BP by trans- / \
lating the origin to the smaller primary and blowing up the / \
local coordinates

/ 9 \

Advantages | D é’?
Ll 1

@ no mass parameter \Lz \O[A |

@ an additional discrete symmetry \ /

@ solutions can be continued to R3BP and further to \ /
the general 3BP g _

Hill coordinates

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 6/28



Motivation and description of the Hill3BP

Hill transformation and model properties

Construction P T %D\—» (400,0)
Hill's problem is obtained from the circular R3BP by trans- / \
lating the origin to the smaller primary and blowing up the / \

local coordinates

Advantages | D é’?
Ll 1

@ no mass parameter \Lz \O[A |
@ an additional discrete symmetry \ /
@ solutions can be continued to R3BP and further to \ /
the general 3BP g _
~ -~

Limitation
Only two collinear libration points remain; the approxima- Hill coordinates

tion is intrinsically local
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Motivation and description of the Hill3BP

Planar Hill3BP: Hamiltonian and symmetries

Hamiltonian
1 1 1
H:§(y%+y§)+$2y1—$1y2—3«“%+§$§—;, r=/a3+ 3.

Jacobi integral

2
szx%Jr;—:'cf—:'cg:F:—zH.

Klein four-group of discrete symmetries

Plap) t (621, T2, 41, 2) = (at, Br1, afwz, afy, Bys),  «,f = £1.
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Theory of generating solutions

Talk structure

2. Theory of generating solutions

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 8/28



Theory of generating solutions

Generating solutions in the second-species limit

Encoding principle

As I' — —o0, each family of periodic orbits converging to a second-species solution is represented by a
finite symbolic sequence called a generating solution (GS)

Elementary arcs Statement |
o Type I: {xj},7=1,2,3,... In each GS two identical Type-ll arcs, {ii} or {ee}, are
prohibited

@ Typell:iand e

Statement Il

Each family of periodic solutions of Hill3BP converging
to a second-species solution is represented, in the limit,
by a GS satisfying Statement |
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Theory of generating solutions

Type | generating arcs
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Theory of generating solutions

Type |l generating arcs

Iy Ty 41
3T 3T
2T 2T
1T 1T
N R L
2 —1 o 1 2 2 — 1 2
-1 Ty 1+ Ty
o1 i
Sl .1
—471 i - €

Role in generating sequences

Type Il arcs supplement the Type | alphabet and allow mixed generating sequences with a
richer set of symmetry types.
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Theory of generating solutions

What information is contained in a GS?

A GS determines
@ symmetry type of the family
@ global multiplicity
@ asymptotic form of initial conditions

@ leading stability index
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Theory of generating solutions

What information is contained in a GS?

A GS determines
@ symmetry type of the family
@ global multiplicity
@ asymptotic form of initial conditions

@ leading stability index

Equivalence

A GS is defined up to cyclic permutation, e.g.

{+1,+2} = {+2,+1}

Symmetry classes
Generated solutions split into
@ asymmetric
@ singly symmetric

@ doubly symmetric
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Theory of generating solutions

What information is contained in a GS?

A GS determines Symmetry classes
@ symmetry type of the family Generated solutions split into
@ global multiplicity @ asymmetric
@ asymptotic form of initial conditions @ singly symmetric
@ leading stability index @ doubly symmetric
Equivalence Computational role
A GS is defined up to cyclic permutation, e.g. The symbolic sequence gives the limiting
structure from which a periodic-orbit fam-
{+1,+2} = {+2,+1} ily can be sought numerically
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Theory of generating solutions

Basic families of periodic solutions

Three basic families /I NE

@ Families a,c: Lyapunov-type families
emanating from the libration-points

@ Families g, f: planar direct and retrograde

satellite orbits

@ family ¢’ appeared via symmetry-breaking
bifurcations

Backbone conjecture

Families with the maximal number of symmetries
form a backbone of the global network of periodic
solutions

family g family g’
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Systematic search for asymmetric solutions and results

Talk structure

3. Systematic search for asymmetric solutions and results
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Systematic search for asymmetric solutions and results

Search framework: families and symmetry type

Regular one-parameter families

In an autonomous 2DOF Hamiltonian system, the period, integral value, geometry and stability
vary smoothly along a regular branch
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Systematic search for asymmetric solutions and results

Search framework: families and symmetry type

Regular one-parameter families

In an autonomous 2DOF Hamiltonian system, the period, integral value, geometry and stability
vary smoothly along a regular branch

Symmetry as a global invariant

The symmetry type is preserved along a regular family and can change only when families meet
at a critical orbit where a bifurcation occurs

Key idea
Singly symmetric critical periodic solutions provide natural entry points to asymmetric
branches
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Systematic search for asymmetric solutions and results

Two complementary search strategies

I. From asymmetric GS

Start near a second-species limiting
generating solution and attempt direct
continuation

Difficulty

An asymmetric GS normally contains at least
three arcs, the limiting orbit is extremely
unstable, and the asymptotic initial guess may
be too inaccurate for differential correction

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem

Il. From a critical symmetric orbit
Detect a symmetry-breaking bifurcation on a

singly symmetric family and continue the
emerging asymmetric branch

Outcome

This approach is substantially more robust
and produced the main new families reported
here
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Systematic search for asymmetric solutions and results

Critical periodic solutions

Definition
A periodic solution is called critical when its stability index
satisfies S=+1
At S =+1
@ S reaches an extremum: normally a saddle-node bifurca-
tion

@ S crosses +1 monotonically: a pitchfork-type loss of sym-
metry is possible

Historical reference

Hénon used critical symmetric orbits to discover four asym-
metric families
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Systematic search for asymmetric solutions and results

Monodromy matrix and stability index

Variational equation

Z=JHess H(z(t))Z,  Z(0)=E'  Z{t+T)=Z{t)M.

Characteristic polynomial

x(A) = (A =1)2(A\ =25\ +1).

Symplectic structure

The multipliers occur in reciprocal and complex-conjugate pairs. For an autonomous
Hamiltonian system, the double multiplier 1 is always present
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Systematic search for asymmetric solutions and results

Continuation equation near a critical orbit

Linearized continuation equation

For a periodic solution with initial state zy and period T,

(M — E)6z(T) + JVH(20)6T = 0.

Orthogonal-symplectic reduction

We use a four-dimensional orthogonal-symplectic transformation

as —Q4 Q1 a9
ay as Gz —ap
A= ., ATA=E, ATJA=J.
—ap —a2 a3 —a4

—a2 ai Gy as

The transformed continuation problem becomes a two-parameter local family
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Systematic search for asymmetric solutions and results

Pitchfork bifurcation of a singly symmetric family

Local splitting

At a singly symmetric critical solution undergoing a pitchfork bifurcation, the transformed
continuation equation separates two directions

Direction 1 Direction 2

Continues the original symmetric family. Generates a new family with the same period
at the critical orbit but lower symmetry

Numerical advantage

Starting differential correction along the second direction gives accurate initial data in a moder-
ately unstable region
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Systematic search for asymmetric solutions and results

Main numerical results

More than 30 families of singly symmetric periodic solutions were processed
Ten previously unknown families of asymmetric planar periodic solutions were found

They belong to two principal classes:
© families that continue, in the second-species limit, to asymmetric generating sequences
@ bridge families linking distinct symmetric families

The spatial stability of all new planar families was examined
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Systematic search for asymmetric solutions and results

Class I: families connected with asymmetric GS

Global continuation
Some asymmetric branches can be continued toward asymmetric second-species generating
sequences

Two descriptions of one family
The bifurcation approach and the GS approach describe different regions of the same global
family:

@ the critical-orbit approach gives reliable initial conditions in a moderately unstable region

@ the GS identifies the limiting symbolic structure and global multiplicity
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Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

106 A
10°
10% 4
103 4
102 4
10" A

ol :
0; [

—10° P pid

—10" 1

—102 1

103 1
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Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

Family g — I’ = +10.0000

010

Y om0

—0.05

—010

—010 —005 0.00 005 010

Family f
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Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

106 A
10°
10% 4
103 4
102 4
10" A

ol :
0; [

—10° P pid

—10" 1

—102 1

103 1

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem

- 9

_g/

AMCM 2026

23/28



Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

Family ¢’ —T' = +4.4990 Family Ha —T' = +4.2714

0.1

v o0 Y 00

—01

02

03

0.6 —0.5 04 0.3 02 —0.1 0.0 0.1

—03 02 —01 00 01 02

Family ¢ Family Ha
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Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

C

\5‘ L,
/N

PI)/ \‘PI)
/

J

/

—4.74 —4.72

—4.70

—4.68

—4.66
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Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

Family / PD — I = -4.6028 Family Hh— T = -4.7049 Family HhPD — T = -47110

RIS

Family ¢PD Family Hh  Family HhPD

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 23 /28



Systematic search for asymmetric solutions and results

Example of families bifurcations ¢ — (SL) ¢’ — (SL) Hh

Family g — {7, e} is doubly symmetric

Family ¢ — {+2},{—2} is a SL of g and it is singly symmetric

Family Ha — {+2,4, e} is the first PD of ¢’ and it is singly symmetric

Family ¢'PD — {e,+1,+1,i} is the second PD of ¢’ and it is singly symmetric
Family Hh — {+1,i},{+1,¢e} is a SL of ¢’ and it is asymmetric

Family HhPD — {+1,e,—2} is a PD of Hh and it is asymmetric
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Systematic search for asymmetric solutions and results

Class Il: asymmetric bridge families

Typical scenario

A multiply covered doubly symmetric family gives rise to pairs of singly symmetric branches.
Each such branch may contain a pitchfork critical orbit

Asymmetric connection

The asymmetric branch generated at a critical solution can connect different singly symmetric
branches, thereby acting as a missing link in the global network

Interpretation

Asymmetric periodic solutions are therefore structural elements of the family network, not
isolated numerical curiosities
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Systematic search for asymmetric solutions and results

Example of asymmetric bridge between 4th covering of f

e Family f (DS) — 4th covering of two pairs of families fé:f, 21::24 of singly symmetric orbits

@ These families are connected with a closed family of asymmteric orbits }lfym

T

f
IEN
15

— 4
Fasym

104 4
10° A

102 4

!

10! 4

10°

—10°

~10' 4

—10? A

~10° 1

—10*

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 25 /28



ematic r mmetric

Example of asymmetric bridge between 4th covering of f

Family N
. Family f4
[ € = +08100 C = +1.9000 €= 425000
— o000 "
— 25 06 e
d —_— 10000
— 405000 04
04
— 2000 04
02 0 02
s v v
2
02 02 02
04 04
01
~06
&ﬂ 01 0z 00 o0z o4 01 0z oo 02 04 o6 00 023 000 03 0w 0%
€ = +3.0000
0o C = +3.5000 C = 438300
L 04 04 04
02 02 02
v Y00 U S
4 -02 02 02 w
04 04 04
e 00 0% 00 03 0% 0% 050 025 000 02 0% 0T
2 T RS RS TR : g
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Example of asymmetric bridge between 4th covering of f

Family /!

Family f
.
—6.0000 C = +0.8400 C = +1.5000 C = +2.0000
d —_— 10000 06
Y 00 v /‘ v
2
-0.2 0.2
: D)
C = +2.5000 C = +3.5000 C = +3.8100
-2 0.4 04 04
0. 4 0.0
-2 -1 0 1 2 —0.75  —0.50 025  0.00 025 0.50 075 ~0.75  —0.50 -025  0.00 0.25 0.50 0.75 ~075 050 -025 0.00 025 050 075
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Example of asymmetric bridge between 4th covering of f

Family fi:4 Asym

C = +3.2500
€ = +3.5000 o8
C = +3.8360
02 02
v
00
o4 04
050 025 000 02 050 07
: 050 -025 000 025 03 o075 06
., 075 050 025 000 02 030 075
s C = +2.6800
€ = +3.0000 €= 2800
06 06
04 04
02 02
v o0
02 | 02
i
04 ! 04
|
06 | 06
075 050 -025 000 025 050 075 P S p
075 S50 -025 000 025 050073 075 050 -025 000 02 030 07
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Systematic search for asymmetric solutions and results

Conclusion

Main message

Asymmetric periodic solutions are an intrinsic part of the network of periodic-orbit families in
the planar Hill3BP

Methodological result

Combining the symbolic theory of generating solutions with bifurcation-based continuation from
critical symmetric orbits provides a systematic route from highly symmetric backbone families to
much less symmetric dynamics

Spatial stability and next step

All newly found planar asymmetric families were tested for spatial stability. The same framework
can be extended toward spatial Hill3BP families and spatial stability transitions

A. Batkhin (KIAM) Asymmetric Periodic Solutions to the Hill Problem AMCM 2026 26 /28



earch for asymmetric solutions and results
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Thanks for your attention

Questions?
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