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Why it is interesting?

«Figure-eight> exists!

Periodic trajectory

Angular momentum is zero!

6 Euler configurations per period!
Symmetric (D12)!

All three masses must be equal?!!

Only one trajectory (up to a shift by 27/3)!
Stable!!l

Regularization.
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Shape space, I. Reduction by translation (R? — R?)

rs
6 4 Q2 ry Q1 = ry—ry,
RY® 5 R Q — raq— miri+maors
2 3 mi+mz
Q1
ry mixX1 + moXso + msxs = 0.

Reduction by rotation (Hopf transformation):

R* 5 R3: St S35 §2
(83 — 8T — 8.

G o= mlQul® — p2lQl?,

§2 = 2yuipe Q1 - Qq,

& = 2y/uipe Q1 x Qg
Moment of inertia:

I = maylr1]? + malra|? + ma|r3|? = mlmgr%Q + mlmgr%g + m2m3r§3 =

= m|Qul? + u2|Qel? = /& + &2 + &2
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Expressions for mutual distances

9 mi + mg

Ty = W( E8+E+E8+84)

9 mi + ms
rig = m\/§%+§§+§§

mams — mi(my + mg + ms3)

\/m1m2m3(m1 + mg + ms3)

+
2mymsz(my + mya) & mims(my + ma) &
9 mo +ms
ry3 = Smams &+ +6

mims — mg(ml + mo + mg) B \/mlmgmg(ml + mo + m3)

QOg(ml + MQ)

&1

13

2moma(my + ma)
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Shape space, |l

Shape space, E = (£1,&2,&3), is the space of congruent triangles.
Shape sphere, S? C Z, is the space of similar triangles.

Ly

If ri(t), i« = 1,...,N, is the
solution of N body problem, then
next expression yeilds the solution as

well
pit) = Ary(A%t)

In addition
p, = A2y (\3/%)
h' = h/\
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Shape space, Ill: spherical coordinates

r2, = wp(l + cos pcosh),
& = pcospcost, n%m 77%%
& = psinpcosh, ri, = LT p(1 — cos(yp — p13) cosb),
& — 0 2mims3
5T ey 2 M2 T s (1 — cos( ) cos )
r3s = —p(1— - .
23 Mams p ¥ — P23
Vio,0,0) = | S+ s
Y VP \V1+cosOcosp /1 —cosfcos(p — p13)

93 1
+ =—0D 97 )
/1 —cosfcos(p — <p23)> N (6.%)

Invariant configuration (6 = const, ¢ = const):

0D(p,0) 0
o0 7

0D(p, ) 0
dp
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Lewis Carroll problem

rhy = ity =

1+ cos¢cost) = 1—cos(¢ — §)cos
+1—cos(¢ + 5)cos

= cos¢pcosf = %

<3

s = Qﬂ(l—cosg)zﬁ
Ss 3w _ 3
S 4Ar 4
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Energy integral

T - APHEHEHE
SVE+E+E _
J = Q1 x Q1+ p2Q2 X Qz,

d
G L3 g %2

_ T 2 £2d)
§+8& +&G + 2(m+51)

Clear, the angular momentum J is conjugate to the angle A.
If we know &1, &2, &3, we can obtain this angle A\ from the quadrature:

t | Eaf3—E36
b = R NG
b aJ VE+E& + &

The system is conservative, therefore we have an energy integral:

4P+ G+ E+8
T-U = U, &.6) =h
8\/5%?%4—5% (51 62 £3)
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Zero velocity surfaces (general three body problem)
1 2 3
4 : 5

Final motion, hierarchial systems
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Periodic orbits

Finite symmetries. For the planar three-body problem, there are only 10 finite
symmetry groups. Only two of them are considered here to illustrate
trajectories in shape space: dihedral group (D12, simple choreography), u Line
symmetry.

Periodic orbits can be found as minimizers of the action functional

to
A= [ L(q;dt).
t1
in the form
zi(t) = C2+ Z Ci; cos it + %, sin it

yi(t) = C’O + Z C’J cos it + S] sin it,
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Figure-eight

xz(t) =  1.0959sint
+0.0004 sin 11¢
y(t) =  0.3373sin2¢

—0.0008 sin 10¢

Found numerically by Cr. Moore
in “Braids in classical dynamics’,
Phys. Rev. Lett. 1993, 70.

(b1by')?

+ o+ A+

0.0253sinb5t — 0.0058 sin 7t
0.0001 sin 13¢

0.0557sin4t  — 0.0030sin 8¢
0.0001 sin 14— |
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Figure-eight on the shape sphere

&1

&2

&3

1.7446017 cos(2t) + 0.2542500 cos(4t) — 0.0137548 cos(8t)
—0.0034641 cos(10¢) + 0.0002985 cos(14t) + 0.0000878 cos(16t)
—0.0000089 cos(20t) — 0.0000029 cos(22t)

1.7446017sin(2t) — 0.2542500sin(4t) — 0.0137548 sin(8t)
+0.0034641 sin(10¢) + 0.0002985 sin(14¢) — 0.0000878 sin(16t)
—0.0000089 sin(20t) + 0.0000029 sin(22t)
—1.2672068 sin(3t) 4+ 0.0137536 sin(9¢) — 0.0003240 sin(15¢)
+0.0000102 sin(21¢)
1.9777440 + 0.0043046 cos(6t) — 0.0000416 cos(12¢) -+ 0.0000007 cos

— 0.0000005 cos(24t)
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Figure-eight on the shape sphere

O o3 wiA

wly olx

|
w
wly
o
wly |-
Do
3
3
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Global Lemaitre regularization

V84 23
C=2—"7=,
1—+/823
pacLl. KOMMJI. MJOCKOCTb 2 ¢
\/52\/6 1
x/isz/E
/2 1 3\, V6 ([ 1 3,1 3
% b2+ (5 H) d5 P
SN2 (1 VBY_VE(_1, V3
re\lTat )2 (t2a )
---------------------------- Cal B ( 4+ f) -4 ( 4+2) 1+
V2 (1 V3 V6 (14 V3
2 et )te (T2t e )]
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Preimages of init circle
(P =¢C=1
Direct calculation leads to equations
((ac +V2)2 +y? - 3)
((w=v2/2) + (v - V6/2)* - 3)
((:c —V2/2)? + (y +V6/2)* — 3) =0

\

ot
|
I
1

HaknoH nnockocTeii

obpasos ¢ e
Th inclinati = I

e inclination of = w
the preimage planes P

1 = arccos 1/\/§ ~ 54.7356°.
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Figure-eight curve on the Riemann sphere

Loop ((t):
2

[

[

[

[
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Figure-eight in the extended complex plane

Co

Gy

~0.3600461 cos(t)
—0.4151381 cos(5
+0.0001264 cos(10¢)
—0.0260053 cos(14t)
—0.0000007 cos(19¢)
—0.0016679 cos(23t)
(291)
(38¢)
(47)

t)
10t
14t
19

—0.0002673 cos(29¢
—0.0000171 cos(38t
—0.0000011 cos(47t
—0.3600461 sin(t)

+0.4151381 sin(5t)
+0.0001264 sin(10¢)
+0.0260053 sin(14t)
—0.0000007 sin(19t)
+0.0016679 sin(23t)
+0.0002673 sin(29¢)
+0.0000171 sin(38t)
+0.0000011 sin(47t)

8t
Tt

—1.1308580 cos(2t)
—0.0010348 cos(7t)
—0.0650747 cos(11t)
+0.0000033 cos(16t)
—0.0041656 cos(20¢)
+0.0000001 cos(25t)
—0.0001070 cos(32t)
—0.0000069 cos(41t)
—0.0000004 cos(50¢)
+1.1308580 sin(2t)
—0.0010348 sin(7t)
+0.0650747 sin(11t)
+0.0000033 sin(16t)
+0.0041656 sin(20¢)
+0.0000001 sin(25t)
+0.0001070 sin(32t)
+0.0000069 sin(41t)
(50t)

+0.0000004 sin(50¢

+0.0101961 cos(4t)
—0.1633463 cos(8t)
—0.0000210 cos(13¢)
—0.0104057 cos(17t)
+0.0000001 cos(22t)
—0.0006678 cos(26t)
—0.0000428 cos(35t)
—0.0000027 cos(44t)
—0.0000002 cos(53t)
+0.0101961 sin(4¢)
+0.1633463 sin(8t)
~0.0000210 sin(13t)
+0.0104057 sin(17t)
£0.0000001 sin(22t)
+0.0006678 sin(26t)
£0.0000428 sin(35t)
+0.0000027 sin(44t)
+0.0000002 sin(53)

0



Figure-eight in the regularized extended complex plane

We need to solve the equation

\/§+z3

= 27’
¢ 1—+/823

with respect to z.

The roots zj(t) must be a continuous function of ¢ (in fact, z(t) € C?),
possibly except at points where the root becomes multiple (bifurcation points).

For any t € [0, 27), the point ((¢) in the extended plane 3 yields 4 roots of
this equation.

This is a 4-sheeted mapping. The curve ((t) € C? is mapped to z(t).
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The simplest method. Continuation

© For t =0, we find all 4 roots of z;(0).
As a rule, these four different values identify the leaf.

@ For each subsequence t,,41:
The polynomial gives 4 new roots.

© We compare them with the roots of the previous step, minimizing the
distance:

min Z ]zg(k) (tnt1) — 21 (tn)|
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Figure-eight in the regularized extended complex plane

Ecnn ((t) aTo aHanuTuyeckas yHKLNS, Mbl MOXEM BbIBECTU
andbdbepeHumanbHoe ypasHeHue aast KopHeii. [poanddepeHunpyem
ypaBHeHue no t:

If {(t) is an known function, we can derive a differential equation for the roots.
Differentiate the equation with respect to ¢:

4235 +V8(Z +3V8(Z2: +V8: — (=0
Therefore:

dz _ @) V8z(t)* — 1)

dt 42(t)3 4+ 3v8((t)2(t)? + /8’
unless the denominator is equal to zero (no multiple roots).

This is ODE for each root zx(t). By specifying the initial conditions z;(0), one
can integrate along the trajectory ((t).
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Figure-eight in the regularized extended complex plane
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Figure-eight in the regularized extended complex plane

(=Je(+)
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Another orbits

1
m1 =099, my =101, my =10; w=g, J=092132
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my = 099, mo = 101, ms = 1.0

z1=—0.000186
+1.584708 cos(t) +0.000001 cos(2t) +0.017772 cos(3t) —0.000038 cos(4t)
+0.001112 cos(5¢)—0.000006 cos(6t) +0.000100 cos(7¢t) —0.000001 cos(8t)
+0.000010 cos(9¢ H0.000001 cos(11¢),

y1=1.570546 sin(t) —0.000020sin(2¢t) —0.017455sin(3t) +0.000037 sin(4t)
—0.001095 sin(5¢)+0.000006 sin(6¢) —0.000098 sin(7¢) +0.000001 sin(8¢)
~0.000010 sin(9¢)—0.000001 sin(11¢);

o= 0.954909
—0.780250 cos(t) —0.044762 cos(2t) —0.008675 cos(3t) —0.001877 cos(4t)
—0.000538 cos(5t)—0.000149 cos(6t) —0.000048 cos(7t) —0.000015 cos(8t)
—0.000005 cos(9¢)—0.000002 cos(10£) +-0.000001 cos(11¢);

yo= 0.773255sin(t) +0.050203sin(2t) +0.008514sin(3t) +0.002046 sin(4t)
+0.000529 sin(5¢)+0.000158 sin(6¢) +0.000047 sin(7¢) +0.000015 sin(8t)
+0.000005 sin(9¢)-+0.000002 sin(10¢) -+0.000001 sin(11¢);

mix1 + maxsa
:1;‘3:——

ms
mi1y1 + may2

Ys—
ms 24 /30



my = 099, mo — 101, ms — 1.0
extended complex plane

Regularized complex plane

Extended complex plane

I
|

—_

@)
[

@4
|

DO

@]
T

2




my = 07, mo — 13, ms — 1.0
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my = 07, mo — 13, ms — 1.0

r1= 1.054023 +1.027929 cos(t) —0.064567 cos(2t) +0.013572 cos(3t)
—0.003322 cos(4tH0.001028 cos(5t) —0.000324 cos(6t) +0.000112 cos(7t)
—0.000039 cos (8t +0.000014 cos(9t) —0.000005 cos(10t)+0.000002 cos(11¢
(
(
(

~— —

y1=—1.020632 sin(t) +0.072456 sin(2¢) —0.013662 sin(3¢) +0.003607 sin(4t) |
—0.001046 sin(5t)+0.000342 sin(6t) —0.000115sin(7t) +0.000041 sin(8t)
—0.000015 sin(9¢)40.000006 sin(10t)—0.000002 sin(11¢);

)

(

ro= 0.003912 —1.330058 cos(t) —0.000246 cos(2t) —0.012806 cos(3t)
+0.000927 cos(4t)—0.000779 cos(5t) +0.000133 cos(6¢) —0.000074 cos(7t)
+0.000019 cos(8¢)—0.000009 cos(9t) +0.000003 cos(10¢)—0.000001 cos(11¢

yo= 1.320138sin(t) +0.000681 sin(2¢) +0.012582sin(3¢) —0.000896 sin(4t)
++0.000766 sin(5¢)—0.000130 sin(6¢) +0.000073 sin(7¢) —0.000018 sin(8t)
+0.000009 sin(9¢)—0.000003 sin(10¢ H0.000001 sin(11¢);

mi1T1 + MoZo .
r3=—=————

m3
Ty +mays
ms ’

~— —
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my = 07, mo — 13, ms — 1.0

extended complex plane

Extended complex plane

O T *
1
9oL
3L i
-4 ‘ ‘ i
-2 -1 0 1 2

10

Regularized complex plane

—10

-9



ToDo

@ Increase the accuracy

e Consider more orbits (both with zero angular momentum and with
non-zero)

e Consider projections of these orbits onto the shape sphere (both ordinary
and Lemaitre-regularised).

o Consider “Figure-eights” in the case of unequal masses

@ Vanihing angular momentum in shape space conjecture.
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